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Verificação experimental do modelo matemático sobre os danos orientados no betão

Para a verificação da hipótese relacionada com a anisotropia de um betão, induzida
da deformação e dos dano foram realizados testes não padronizados de deformabilidade do
betão de modo a medir a alteração das suas constantes de elasticidade. Constatou-se que a
carga aplicada uniaxialmente sobre provetes de betão 320, originou uma monolropia do
material que é descrita através de cinco constantes de elasticidade. Os resultados obtidos
permitem-nos corroborar a validade da teoria apresentada, e formular com mais rigor o
modelo da equação da evolução dos danos que é a relação básica deste modelo teórico.

1. INTRODUCTION

One of the factors, which decide on
fulfilment of rigorous requirements of
security and integrity of structures,
formulated in design codes, is appropriate
knowiedge of mechanicai properties of
structural materiais. This appiies not oniy to
new materiais but aiso to those traditionally
used, iike concrete being in common use in
dams, bridges, nuciear and conventional
power stations. $uch a deeper study of the
material behaviour includes more reaiistic
theoretical description of the material
response as weil as experiments suitabiy
oriented to anaiysis of its properties.

Existing theoretical modeis
formulated to describe a behaviour of
a concrete subjected to multiaxial state

of stress (Geniev et ai., 1974 and Chen,
1982) are based on the analysis of plastic
properties of this material. However, one
can find there some suggestions that the
deformability of the concrete is govemed
by development of oriented cracks referred
to as anisotropic damage which grows in
the ioading process. Some analyses of this
problem done by empioying the methods
of continuous damage mechanics are
presented in earlier papers (Eimer, 1971
and Dragon, 1976). lhe first attempt to
measure experimentaliy the damage indu
ced anisotropy of a concrete is due to
Mitrofanov and Dovzenko (1991) but
stress-strain relations for this material
formuiated with account for its anisotropy
are presented by Karpenko (1987) and
Baikov (1990).

Resumo
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Some of the authors of this note riorated material structure, whereas is a
formulated in theír earlier papers (Litewka Kronecker delta and a s stand for the
et al.,1996, and Litewka and Debinski, stress tensor and stress deviator, respec
1997) a mathematical model capable to tively. Two scalar parameters A and B are
describe non-linear stress-strain relations unknown material constants to be deter-
for a concrete subjected to multiaxial state mined experimentally.
of stress. The relevant constitutive lhe second group of equations
equations were derived by employing the consist of the stress strain relations
methods of continuous damage mechanics
and the theoiy of tensor function repre

1/0 1+1/0
sentations. The aim ofthis paper is to venfy e., = —-—c5.o +

E
o. +

experimentally the validity of that E’0 o
+ CQiD,1u1 + RJkk) +theoretical model as well as to detect the

existence of the deformation and damage + 2D(JIkDkJ + DIko’kJ) (2)
induced anisotropy of a concrete. lo this
end the non-standard tests of concrete where is the strain tensor, and the
deformability were performed in order to equation
measure directly a modification of its
constants of elasticity and to identify the
unknown coefficients that appears in the = +

equations of the mathematical model
proposed.

2. THEORETICAL MODEL

Mathematical model for defor
mability of the concrete, to be verified n which defines the material constants of
this paper, is based on continuous damage orthotropically damaged solid. Equations
mechanics and in particular on the (2) and (3) contam the Young friodulus E0
assumption on tensorial nature of the and Poisson ratio v0 for original undamaged
material damage (Murakami and Olmo, material, two unknown constants C and D
1981, Betten, 1983 and Litewka, 1991). The to be determined experimentally and the
explicit form of the relevant constituve second order symmetric damage effect
equations was found by employing the tensor lhe principal values D1, D2 and
theory of tensor function representations D3 of the damage effect tensor D are
(Spencer, 1971 and Boeifier, 1987). related to the principal components i,
Practical application of the above theories and Q3 of the damage tensor Q as follows
to describe a non-linear behaviour of a (Litewka,199 1)
concrete was explained elsewhere (Litewka
et al.,1996, and Litewka and
Debinski,1997) and that is why the final D1

1 — h = 1,2,3. (4)

form of the relevant equations only will we
shown here.

First group of the constitutive lo enable the comparison of theoretical
equations consists of the damage evolution predictions with experimental results

obtained for uniaxial compression, theequation
equations (1) and (2) were specified for tbis

R = Askjsk% + B%JJklOklJy , (1) state of stress determined by the minimum
principal stress a3. Taking frito account

where is a second order damage tensor equation (4), the following non-linear stress
responsible for a current state of a dete- strain relations were obtained:
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The equations (7), (8), (9), (10) and (11)
represent the non-linear relations between a
compressive stress a3 applied to a material

(5) and an actual value of each constant of
anisotropy. lhe material in its initial state,
where a3 = 0, is isotropic and its properties
are described by two constants of elasticity

(6) E0 and v0.

3. EXPERIMENT$

The purpose of the tests performed
is to detect experimentally the existence of
the material anisotropy that develops in the
loading process due to intemal damage
growth. To this end the modification of the
magnitudes of the constants E and E’ was
studied experimentally by means of electric
strain gauge measurement combined with
ultrasonic pulse velocity technique. lhe
analysis of the coefficients of lateral defor
mation v and v’ was also attempted,
however in this case the strain gauge
measurement cannot be doubled by ultra
sonic method and the accuracy of the
measurement was much lower than that
achieved for moduli E and E’.

Eight standard cubical specimens of
the ordinary concrete B20 have been
uniaxially compressed in Instron testing
machine of 1000 kN capacíty. Longitudinal
and lateral deformations of the specimen
were measured by means of four electrical
resistance strain gauges 1, 2, 3 and 4
arranged in the form of two element
rosettes glued on the opposite sides of cubes
as shown in Fig. 1. lo minimise the
influence of a friction, that exists at the
contact surfaces between the specimen and
the platens of the testing machine, on de
formations measured in the central area of
the specimen, two auxiliary cubes 1 and II
were added. lo assure the uniform
distribution of stresses at the contact
surfaces, two 3 mm thick pads P1 and P2,
made of soft plywood, were placed between
specimen tested and two auxiliary cubes.
lhe arrangement of the specimen shown in
Fig. la made it possible to measure the
modulus of elasticity E’ and relevant

6i =12 +

t 2Áa3—33u3 2Ãu33
+ci +
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2Aj3—3Bu33
=
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332

where 63 is longitudinal principal strain and
61, 62 are transverse principal strains.

Equation (3) represents nine
material constants of orthotropy of a con
crete subjected to multiaxial state of stress.
In the specific case of uniaxial compression,
a deformation induced oríented damage of
the material results in development of a
transverse isotropy with the plane of
isotropy perpendicular to the direction of
the compressive load. Five constants
which describe the transverse isotropy can
also be determined from equation (3) which
in the case of the uniaxial compression
takes a form of five following relations

1 1 A2
(7)

1 1
—=Á =—+
E’ E0

2Au2 3B2
+(2C+4D) 2 2 (8)
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coefficient of lateral contraction v’. lo
measure experimentally the modification of
the modulus E, which in this case is
identical in both lateral directions
determined by the axes Xi and X2, the
velocíty of ultrasonic pulses that travelled
in the direction x2 were recorded
simultaneously with the measurements of
the other constant E’. Ultrasonic technique
enables to measure dynamic modulus Ed by
employing a formula

(1+v)(1—2v)

l—v
(12)

where V is a velocity of ultrasonic pulse,

p is a density of the material and v is a
coefflcient of lateral deformation. The
dynamic modulus of elasticity Ed
detennined from the equation (12) is higher
than the static modulus E which could be
measured by using standard strain gauge
experimental procedure. lo obtain the static
modulus of elasticity, various empirical

formulas could be used like those, mainly
linear equations, discussed in the
monograph by Neville (1995). However,
more realistic seems to be non-linear
relation between these moduli and that is
why the relevant graphs shown in the
manual of Electronic Ltd (1991) were used
to elaborate the experimental data obtained
from ultrasonic measurements.

First phase of the experiments
consisted of the ultrasonic pulse velocity
measurements done in the three directions
x1, X2 and x3 for the specimens free of any
load. lhe purpose of this tests was to check
an initial isotropy of the material in its
original state. Additionally, four specimens
arranged as shown in fig. 15 were subjected
to initial compressive stress, that did not
exceed 15% of the compressive strength of
the material Rb , applied in the direction of

X2 axis in order to determine the relevant
initial modulus of elasticity and coefficient
of Poisson. lhe average values of the initial
moduli of elasticity for the concrete tested,

P

a) x3

xi

1 1 ...::::2:;::t:::::::L X3

xl

p
x2

Fig. 1. Specimen arrangements: a) for longitudinal loading
b) for transverse loading
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by means of both methods, in three
directions, x1, X2 and x3 were equal to
E1=19$00 MPa, E2=18700 MPa and
E3=19100 MPa, respectively. Insignificant
diferences between these values show that
the material tested is pratically isotropic in
its initial state, having initial material
constants E0 = 19200 MPa and v0 = 0,20.

The objective of the second phase of
the experiments was to determine the stress
strain curves as well as to measure the
modification of the material constants for
monotonically increasing load up to
material failure. To this end four specimens
were loaded as shown in fig. la and the
constants E’ and v’ were measured by
employing the strain gauge measurements
whereas the value of the modulus E was
determined by means of ultrasonic method.

lhe experiments of the third phase
were performed for those four specimens
which have already been initially tested
under small load applied in the direction of
the x2 axis. lhe loading programme for
these four specimens consisted of four
cycles, considering as a cycle 1 the
compressive load in the direction of the x2
axis that was applied in the first phase of
the experiments. The cycle 2 consisted of
the compressive load in the direction of the
2(3 axis above the point of initial cracking of
the concrete, and of unloading. Two
specimens were loaded in this cycle to the
value of 0,555Rb whereas the other two
were loaded up to 0,825Rb. lhe programme
of measurement of the constants E’,v’ and
E was the sarne as that in the second phase
of the experiment. lhis cycle of loading
resulted in accumulation of oriented
damage and in development of material
anisotropy, smaller for the specimens
subjected to lower load and more
pronounced for those loaded to the level
closer to the compressive strength Rb. lo
detect this damage induced anisotropy the
specimens were loaded in the cycle 3 in the
direction of the x2 axis. lhe compressive
stress of 0,l5Rb applied in this cycle was
too small to change the intemal stmcture of
the material but was sufficient to measure
the constants E and v by means of the strain

gauges and also E’ by employing the
ultrasonic technique. Thus, the objective of
this cycle of loading was to double the mea
surements done in the cycle 2, where the
modulus E was measured by means of
ultrasonic equipment but the constants E’
and v’ were obtained from the strain gauge
measurements. lhe cycle 4 was the
continuation of the measurements done in
the cycle 2 under the compressive load
applied in lhe direction of the x3 axis up to
material failure.

lhe programrne of loading in the
cycles 2 and 4 made it possible to determine
in each stage of load the values of the
constants E’ and v’ by employing the data
obtained for the strain gauges and E ftom
the measurements of the velocity of
ultrasonic pulses. On the other hand, in the
cycles 1 and 3 the constant E’ was
measured by means of ultrasonic method
and the values of E and v were obtained
from the strains measured. It means that for
three leveis of loading determined by the
compressive stress a3 equal to 0, 0.555Rb
and 0.825Rb, the measurements were
doubled utilising both methods. lhe
experimental results shown in fig.2, 3 and
4, are the mean values obtained for all the
cubes tested within the above programrne
of loading.

4. RE$ULT$ AND DISCUSSION

Experimentaily obtained stress
strain curves as well as the relevant data on
material constants modification in the
loading process were compared with the
theoretical predictions represented by
equations (1), (2) and (3). However, these
constitutive equations contam four
unknown constants A, B, C and D which
should be identified experimentally. lo this
end the equation (6) was specified for two
values of the compressive stress equal to
a3mRb and flRb. $ubstituting the
longitudinal strains 83m and E311, which
correspond to these load leveis, the
following two equations were obtained:
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fig.3. Modification ofthe coefficient of lateral deformation m

loading process for B20 concrete

-0.003 -0.002 -0.001 0.000 0.001 0.002

Fig.2. Longitudinal and transverse strain for B20 concrete versus longitudinal

stress

(13)
The next relation necessary to determine the
unknown constant

3(E -E)
(15)

2(nRb)2[2EOEfl(C + 2D) + E0
—

E]

was obtained from equation (7), written for
a compressive stress a3=nRb and corres
pondíng modulus of elasticity E. The last

o

v - Experiment

V’- Experiment

V - Theory

v’- Theoty o

o
VI

o

V

0.5 Q3/Rb n1.0
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fig.4. Modification ofthe moduli ofelasticity in loading process
ofB2O concrete

can be determined from the respective experimental results is shown in
Figs. 2, 3 and 4. The additional curve ofthe

E
relation between the constant G=

_________

2(1+v)
O3

and load levei is shown in fig.4 111
1?,,

(16) order to show the difference between two
shear moduli G and G’.

O

0.5 a3IRb n=1.0

constant
formula

( v0 f 2Á(nRb)3Ci8 +—nR II +“ E0 )[3—2Á(nRb)2

+ 2Á(nRb)3 — 3B(nRb) 1’
3— 2A(nR,, )2

+ 3B(nRb
)2]

which is the equation (5) expressed for
a3=nRb and respective value of the
transverse strain Em.

lhe values of the constants
A = 21 810 MP&2, B = 60.8x105 MP&2,
C = -1.20l0 MP&’ and D = 2.17xl0
MP&’ were calculated from equations (13),
(14), (15) and (16) by employing the
following data: E0 = 19200 MPa, vo = 0,20,

= -23.2 MPa, n = 1, m = 0.656,
63 = -0.002424 , E3 = -0.001025
E=0.0Ol483 and E=: 3600 MPa.

The comparison of the theoretical
stress-strain curves obtained from equations
(5) and (6) as welI as the curves showing
the modification of the material constants
E, v, E’, v’ and G’, determined by equations
(7), (8), (9), (10) and (11), with the

5. CONCLUSIONS

lhe experiments performed made it
possible to study quantitatively the damage
induced anisotropy of the concrete. Initially
isotropic material when uniaxially com
pressed becomes transverse isotropic one
due to oriented damage that grows in the
loading process. Moreover, it was proved
experimentally, that values of the moduli of
elasticity measured by employing the
ultrasonic technique are practically the
sarne as those determined by means of the
electric-resistance strain gauges.

Comparison of the experimental
results with the theoretical predictions
enabled the verification of the mathematical
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model proposed. Theoretical stress-strain
curves as well ás the relations showing the
modification of the material constants in the
loading process coincide with experimental
data obtained. It means that experiments
performed corroborate the validity of the
constitutive equations developed for the
concrete on the basis of continuous damage
mechanics.
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